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Abstract 

Generalized Kontsevich Matrix Model (GKMM) with a certain given potential is 
the partition function of r-spin intersection numbers. We represent this GKMM in 
terms of fermions and expand it in terms of the Schur polynomials by boson-fermion 
correspondence, and link it with a Hurwitz partition function and a Hodge partition by 
operators in a GL(oo) group. Then, from a Wi+oo constraint of the partition function of 
r-spin intersection numbers, we get a VPi+oo constraint for the Hodge partition function. 
The VPi+oo constraint completely determines the Schur polynomials expansion of the 
Hodge partition function. 
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1 Introduction 

It is commonly assumed that the generating functions in enumerative geometry constitute 
a particular subclass of the string theory partition functions. This subclass possesses nice 
integrable properties and matrix model representations, and from it one can find some uni¬ 
versal properties of string theory partition functions. We call the generating function of 
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certain type as the partition fnnction for the case. There are kinds of partition fnnctions 
for different pnrpose. The most known ones are partition fnnction of r-spin intersection 
nnmbers, Hurwitz partition fnnction and Hodge partition fnnction. 

The well-known Witten Conjectnre m was proved by M.Kontsevich j32], h stated the 
identitical between the generating fnnction of intersection nnmbers on modnli space of stable 
curves and the r-function of KdV hierarchies. Then and there, E.Witten introduced r-spin 
curves and their moduli spaces, and he conjectured that the generating function of the r- 
spin intersection numbers is a solution to r-reduced KP hierarchies [IH]. The conjecture 
about 2-spin intersection numbers was exactly Witten’s original statement. The generalised 
conjecture was proved by C. Faber, S. Shadrin and D. Zvokine using tautological relations 
[T^ . After then, investigating the problems involved with the r-spin intersection numbers 
become fascinating subjects. 

As pointed out by Witten m, that the partition function of the intersection numbers of 
■^-classes on Aig^n is a solution to KdV hierarchies, and with an additional string equation, 
completely determine the intersection numbers. Similarly, with an additional string equation, 
the r-reduced KP hierarchy completely determine r-spin intersection numbers [IH]. Besides 
the string equation, the partition function for r-spin intersection numbers also satishes a 
dilaton equation and a WDVV equation. All these three equations are called the tautological 
equations or the universal equations. In principle, the r-spin intersection numbers can be 
obtained through the tautological equations in a recursive way [ISl |33]- In [33], K.Liu 
and his collaborators express any given r-spin intersection number as the sum of products of 
simpler r-spin intersection numbers. By this way, they could obtain all the r-spin intersection 
numbers. But the dehnitely works for higher genus are highly nontrivial, for the recursive 
relations would be very complicated. 

It is well known that the partition function for r-spin intersection numbers also satishes 
linear constraints, called as the Virasoro constraint in the r = 2 case and the IK-constraint in 
general cases. In fact, such constraints are equivalent to r-reduced KP hierarchies additional 
with a string equation [20] . Solving the linear constraints is an effective method to calculate 
the r-spin intersection numbers. In the r = 2 case, A.Alexandrov gave a cut-and-join type 
operator representation for this partition function by grading operators [1], 

Z = e^-l, 

A = lt{l= + ^)rtCt, 

k=0 

where Z is the partition function of 2-spin intersection numbers and subjects to the con¬ 
straints 
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CkZ = 0 , k > — 1 . 


where the Ck are generators of the Virasoro algebra without central extension 


For the general case, J. Zhou gave a fermionic representation of the generating function by 
solving the string equation [IH]- He got a formula as [50] 

^ = exp j ■ 1, (1.2) 


here the operators {Aj, j = 1,2 ■■•r — 1} are constructed from hF-constraints, and Z is 
considered as the partition function of the r-spin intersection numbers. Unlike the r = 2 
case, fll.2p is correct with the supposing the condition [Ai^Aj] = 0, i, j = 1, 2, • • • , r — 1. 
In these papers, the operators A in equation fll.ip or {Ai} in equation fll.2p is not gl{oo) 
algebra, and the integrability is obscured. 

In fact, the r-spin intersection numbers could be calculated from a Generalized Kontse- 
vich Matrix Model (GKMM). The idea was carried out in [TO]. We use a different processing 
method in this manuscript. The partition function of a GKMM with monomial potential 
V{X) = — is a r-reduced KP r-function, and this r-function is also subject to a string 

equation that the partition function of the r-intersection numbers satishes. As stated by 
the uniqueness property [3l], this GKMM partition function is identical with the partition 
function of the r-spin intersection numbers up to a multiple constant. From the integrabil¬ 
ity of the GKMM, we can get a fermionic representation of it from the method given by 
S.Kharchev and his collobrators [29], then expanding the r-function in terms of the Schur 
polynomials by the boson-fermion correspondence, in principle, we can get all the r-spin 
intersection numbers. 

Besides the partition function of r-spin intersection numbers, there are other two well- 
known generating functions. One is the Hurwitz partition function, there are many inter¬ 
esting results about it. The Hurwitz partition function can be represented in terms of a 
cut-and-join operator El EH], this operator is an element of the GL{oo) group, acting on 
the space of KP solutions, which guarantees that the Hurwitz partiton function is a KP 
r-function. Another one is the Hodge partition function, which is a generating function of 
linear Hodge integrals. It is well known that these three partition functions are very inher¬ 
ently linked [HI SB]- The Ekedahl-Lando-Shapiro-Vainshtein (ELSV) formula connects the 
Hurwitz partition function to the Hodge partition function, and the relationship between 
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them also can be represented by generators of a Virasoro algebra [281 12] • The Hodge par¬ 
tition function is a deformation of the KW r-function i.e. the partition function of 2-spin 
intersection numbers. A.Mironov and A.Morozov had mapped the Hodge partition function 
to the KW r-function by a Givental operator, and from this they get the Virasoro con¬ 
straint for Hodge partition function from the Virasoro constraint of the KW r-function [37] . 
However, the Givental operator is not an element of the GL{oo) group, then the integrable 
property of the Hodge partition function is obscured in this expression. 

The partition function of r-spin intersection numbers is identical with a r-reduced KP 
r-function, while the Hodge partition function is given by a KP r-function. These facts 
imply that there should have an operator in the GL{oo) group to match them. In the 
case r = 2, A.Alexandorov has conjectured a form of this operator |2], and recently the 
conjecture has proved independently by A.Alexandrov himself[5], X.Liu and G.Wang Bsjj. 
From their result, an intersection number could be expressed as an inhnite summation of 
Hodge integrals. For the partition function of r-spin intersection numbers, any element in 
the Wi+oo constraint is an element of the gl{oo) algebra, so there must be a Wi+oo constraint 
for the Hodge partition function whose elements are generators of the gl{oo). However, up 
to now this type of operator and the hFi+oo constraint is unknown yet. 

In this paper, we will give a determinantal representation for the partition function of 
r-spin intersection numbers. This expression is equivalent to a fermionic representation of 
it, with the help of the boson-fermi duality, and we can formulate it as a linear combination 
of the Schur function on eigenvalues of external held in the GKMM. Then, we can get the 
Schur polynomials representation by the Miwa transformation. 

It is well known that the cut-and-join operator generating the Hurwitz partition function 
and the Virasoro operators can be expressed as elements of the gl{oo) algebra. For the two 
kinds of partition functions, the one for r-spin intersection numbers and Hodge partition 
function, we get a GL{oo) operator to match them. By boson-fermion correspondence, we 
get the bosonic version of this operator, and from the expression, a r-spin intersection number 
can be expressed as a hnite summation of Hodge integrals. Then, from the hFi+oo constraint 
for the partition function of r-spin intersection numbers, we get the hFi+oo constraint for 
the Hodge partition function. For the Hodge partition function, the Schur polynomials 
representation of the Hodge partition function can be got by solving this constraint. 

This paper is organized as follows. In section 2, we list basic notations of the partition 

^Our main results had been reported at ’The First Annual Meeting of Vertex Operator Algebras’ chaired 
by C.Dong, at Beijing Institute of Technology, Feb 20, 2014. It is quite sorry that we did not note the article 
by A.Alexandrov at the first draft of our manuscript, while the paper by Liu&Wang was appeared when our 
manuscript is almost completely polished. 
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function of r-spin intersection numbers, the Hurwitz partition function and the Hodge par¬ 
tition function. In section 3, it is the material about the GL{oo) group and KP hierarchy. 
Section 4 and section 5 are the main parts of this paper, in section 4, we calculate the r- 
spin intersection numbers with the GKMM, in section 5, we build an operator to pair these 
partition functions, and obtain a Wi+oo constraint for the Hodge partition function. We put 
detail results of some intersection numbers and a Virasoro constraint for Hnrwitz partition 
function in Appendix A and B, respectively. 

2 r-Functions for Enumerative Geometry 

2.1 Partition Function of Witten’s r-Spin Intersection Numbers 

Let Aip^n be the Deligne-Mumford compactification of the moduli space of algebraic curves 
X with genus p and n marked points {xi, X 2 , - ■ ■ , Xn}- Let us associate a marked point with 
a line bundle Ci whose hber at a moduli point (X; xi, • • • , Xn) is the cotangent space to X at 
Xi- The r-spin intersection numbers of these holomorphic line bundles are defined by Witten 
|48] as follows: 

{Xmi,ai ■ ■ ■ 'Tm„,an)p /_ , (ln)'4^{Xl) ' ' ' '4^{Xn} , ( 2 - 1 ) 

J J^p,n 

in which ,an) is the top Chern class, and 'ip{xi) is the hrst Chern class of the 

bnndle £j. The intersection numbers are nonzero if and only if the following selecting rule 
is satisfied: 

n n 

{r + l){2p - 2) + rn = r ^ m* -F (2-2) 

i=l i=l 

here 

Ui e ,r-2}. (2.3) 

For a given genus p, the intersection numbers satisfy the string equation 

n n n 

(A),0 J_ J_ — 'y T~mi,ai)py (2-4) 

i=l j=l 

and the dilation equation 

n n 

= (2^-2 + n)(JJr^.,„Jp. (2.5) 

i=l i=l 

In the genus 0 case, the following result was obtained [48] : 

(t-o ,ai A),a2F),a3)o ^ai+a2+a3,r—2- (2,6) 
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For other nontrivial cases, the concrete formnla has not yet known until recently. 

If we introduce formal variables tm,a corresponding to Tm,a = 0,1, 2, • • • ; a = 0,1, • • • , r— 
2), then we can dehne a generating function named as the free energy 


Fp {t) X/(Fni,ai ■ ■ 'Tmn,an)p ' 11 


cxD r—2 
( 6Xp( tm,a'^m,a 


i=l 


m=0 a=0 


and the total free energy is obtained by summation over all genera 


(2.7) 


p>0 


( 2 . 8 ) 


as well as 

zF}{t-g) = exp{FF}{t-g)}. (2.9) 

Here, FF}(t-^g) is the so called generating function of r-spin intersection numbers and 
ZF}(^t;g) is the partition function. In 02.81) and 02.91) . a parameter g is introduced. In 

r(m—l) + a, 

fact, we can restore g into tm,a by replacing tm,a with g tm,a- So, in the following 

we can set g = 1 without loss of generality. The hrst few terms of and F^^ have been 
already given by Witten ^8] 


= h ^ Vl V2^0,a3 + • • • , (2.10) 

ai+a2+a3=r—2 

= 24 ^1.0 S-• (2-11) 

It is well known that the string equation and dilation equation can be reformulated as 
the following two differential equations 


and 





(2.12) 

oo r—2 Q ^ 1 —2 

^k,a Q, 2 to,ato,r-2-a, 

k=l a=0 k-l,a ^ 

(2.13) 

. ^{r} ^ g^ 

(2.14) 

rk + a + d , — 1 

^ ^ r + 1 ^^’°'dtka ' 24 

k=l a=0 

(2.15) 


respectively. 

Then, the generalized Witten conjecture can be stated as follows: There is a pseudo¬ 
differential operator Q 


r-2 

Q = a’' + 5^ni(t)a\ 

i=0 


(9 = ^ 

y/r dtoft 


(2.16) 
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such that 


^2 p{r} 


g+l ^ 


dtofidtn 


= -c^,„Res(Q™+^), 


here the constant 


while 


C’rr).. a 




m„m+l 


(a + l)(a + 1 + r) • • • (a + 1 + mr) ’ 




dQ Cm,a r/^m+SdilN 

— = — .m o+.Q]. 


(2.17) 

(2.18) 
(2.19) 


The formula can be simplihed by introducing a new set of variables {tn}, which we name as 
time variables. 


i™+.+i=^.i„,„=(-i)">n(7+—^ 


j=Q 


r 


—r 


( 2 . 20 ) 


Then in terms of the new coordinates {fi, • • • , tr-i, tr+i, • • • }, we can dehne the Lax operator 
of KP hierarchy by using the Gelfand-Dickey scheme [H]. The Lax operator of the hierarchy 
L is constructed from the operator Q 


L = Q-r. 


( 2 . 21 ) 


Rewrite equations fl2.17l) and fl2.19p with the Lax operator L in the new set of variables {t^} 

dU 


dti 


= |(L‘)+,V] = |(L‘)+,0], 


and 


^2 jp{r} 


= Res(L^), 


( 2 . 22 ) 


(2.23) 


dtidtk 

in which Res(P) is dehned as the coefficient of d~^ in the pseudo-differential P. From 
equation fl2.26p and equation fl2.23p . we easily get 

dpiP 


dt 


= const. 


(2.24) 


kr 


This, together with equation 02.221) . implies that the partition function of r-spin intersection 
numbers is a r-reduced KP r-function. In terms of the variables {tk}, the operators 


|r| 

and Lq become 


= -y 


- d ^ k d 1 V- , 

k=r-\-l b+c=r 


and 


^^r+i “ r dtk 


d 


k d — 1 


k=l 


24r 


(2.25) 


(2.26) 


respectively. The conjecture has been proved by Faber-Shadrin-Zvokine [18]. The fact that 
is a r-reduced KP r-function with additional the string equation could completely 
determine the r-spin intersection numbers 
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2.2 Hurwitz Partition Function 


Hurwitz numbers count ramified coverings of the Riemann sphere. More precisely, the simple 
Hurwitz number • • • , nin) gives the number of the Riemann sphere coverings with N 

sheets, N = 'Y^=i fixed simple ramification points, and a single point with ramification 
structure given by {ruj}, a partition of N [22]. The number of the simple ramification M, 
the genus p of the covering and the partition {m,} are related: 


M = {2p — 2) + + 1) = {2p — 2) + N + n. 


i=l 


One can introduce a generating function of the simple Hurwitz numbers 


H{ti, t2, • • ■) = 

p=0 n=l m,i\M 

in which g, f3 are two parameters. Define an operator 




I tmi ■ ■ ■ tnin 

mi-■■rrin 


trf > = 


/ . . d 2'- ■' 


*J>1 


dt 


+ 9 (*+j)^i+i 


i+j 


dtidtj 


(2.27) 


(2.28) 


(2.29) 


/o\ 

Obviously, the Wq ^ is a cut-and-join operator. The Hurwitz partition function can be 
represented from it [3] |3H] 


•••;/?) : = exp (i7(ti,t2, • • •)) = exp ( fHo) • exp ( 3 


.9 


(2.30) 


For this partition function, several matrix integral representations are known. For example 


Znitk] f3) 


dM 


iNxN 


\ 


det 


[M ®I - I ®M\ 

\ V ^ ) / 




(2.31) 

where M is a. N x N Hermit ian matrix and 'ijj is a N x N diagonal matrix, meanwhile the 
times tk are given by the Miwa transform 





(2.32) 


2.3 Hodge Integrals 

The Hodge integrals, it means intersection numbers of the form 

{Xjak, ■■■cTkJ= [ Xj'ipi^ • • • 

J -AAp^n 
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(2.33) 













where Xj is the jth Chern class of the rank p Hodge vector bundle whose hber is the space 
of holomorphic one forms and ipi is the hrst chern class dehned as same as in fl2.ip . Those 

n _ 

numbers are well dehned whenever the equalities j + '^ki = 3p — 3 + n = dim JXip^n holds. 

i=l 

Let us collect the Hodge integrals into the following series in terms of a set of inhnite 
formal variables (3,Tq,Ti, ■ ■ ■ 





rpkQ rjnk\ 


(2.34) 


where the summation is taken over all possible monomials in the symbols and j > 0. 
We can introduce the parameter g into the generating function, such that it has the genus 
expansion, we set up: 




2k-2 

■■■ ,9 3 Tfc, •••)• 


(2.35) 


The generating function has the following expansion 1371: 

CO 

G(g, /3; To, Ti,...) = ^ g"'’-"GW(/3; r„, T,. ■ • •). (2.36) 

p=0 

If set /3 = 0 in the equation fl2.36p . it is exactly the partition function of 2-spin intersection 
numbers fl2.9p . i.e. 

G{g, 0; ti, fs, • • • , t 2 k+i, ■ ■ ■) = g). (2.37) 

From equation fl2.35l) . one can easily get 

G{g, (3- To, Ti, • • ■) = G(l, 9(3', (^-^To, g^T,, • • • , g'-^n ■■■)■ (2.38) 


So the parameter g can be restored in the parameters (3,Tq,Ti ■ ■ ■. In the following, for 
convenience we often (not always) consider the g = 1 case. 

The generating function G{g, (3]To,Ti ■ ■ ■) is a solution of a KP hierarchy with respect 
to new variables gds, which are linear transformations of variables T^’s. If we set g = 1- The 
transformation are [28] : 


To = (3lqu 
Tk+i = E 

m>l 


(33mqm + 2(m l)/33g^+i + {m + 2)l33qm+2 


A. 

dq„ 


■Tk, 


k>0. 


The hrst few terms of this transformation are 


To = Aqi, 

T, = P%+4P^q2 + 3P%, 

T 2 = Aqi + 12 A <?2 + 36 A 93 + 40/3^ ^4 + 15/9^ gs, 

T 3 = (3^qi + 280q2 + 183/3¥gs 4960q^ + 6160 gs -h 4290 go 105/3f gy. 


(2.39) 


(2.40) 
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Set the identification of the generating fnnction G(l, /3; To(g), • • • , Tk{q), • • •) with the Hodge 
free energy 


FHodge{/3; qi,q2, - ■ ■ ,qk- ■ ■) = G(l, /3; To(g), Ti(g), • • • , Tfc(g), • • •). (2.41) 

We have the following Hodge partition fnnction 

Zuodgeifi] gi, 92, • • • ) = ^Xp [FHodgeiP] QU ^2, ' ' ' )) • (2-42) 

Therefore, Zuodge is a r-fnnction of a KP hierarchy with respect to the variables gds- 


2.4 ELSV Formula 


There are several approaches to investigate the intersection theory of niodnli spaces. Among 
these approaches, the ELSV formnla seems to be the most straightforward one [m , it ex¬ 
presses the Hnrwitz nnmbers as linear combinations of the Hodge integrals. This formnla 
bnild a bridge between the Hnrwitz partition fnnction and the Hodge partition fnnction 

21122]. 

Consider two variables x and z related to each other by the following formnlas 

a: = = ^ - 2/3^^ ^ ^^2^3 _ ^^3^4 ... ^ ^ 2 . 43 ) 

1 p z 2i 3 

and 

, q Qo 

^ = x + 2(5x + -13‘^X^ -f H-. (2.44) 

6>i ■ 23 

These two formnlas provide a linear isomorphism (depending on the parameter (3) between 
the spaces of formal power series in the variables x and We set the following correspondence 

tb i ——, qb <—t -r- (2.45) 

b b 

Then we can express tb as a linear combination of qm, and vice versa. 


tb -- 
qm 


m>b 


b>m 


The coefficients c’^ and are determined by the following eqnations 


X = bYl Fm^ 

m>b 


b Qm—b'‘ 


m 


and 


b>m t> 


(2.46) 


(2.47) 


(2.48) 
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respectively. If we introduce two functions, 


Ho,i = 


OO 

b=i big^ 


(2.49) 



E 

6l,f>2 = l 


^6l+l^b2 + l 

Jh + hihiU? 




(2.50) 


then the Hurwitz partition function and the Hodge partition function (I2.28p are linked by 
the following formula j28j : 


{H Hqi Hq 2 ) \tn=tn{qm) ,g=^ pHodgei,!^) Q 2 -i QSj ' ' (2-51) 


Surely, we can also restore the parameter g into the above formula. From equation fl2.39p . 
we get 


g^Tk+i= Y1 {g(3)^mg ^ ^qm + 2{m + l){g(3)^ g ^qm+i 

m>l - 


+ {m + 2){gl3)tg ^ ^qm +2 


d 


dig^qm) 


{g—Tu). 


If we dehne the function 


FHodge{g,P]qi,q2r--) = FHodge{{gl3),g ‘^qir-- ,g ^ ^qk, 

= G{g, l3]TQ{qk),Ti{qk) ■ ■ ■), 

then, FHodgeig, /^j q 2 i- ■ ■) can also be expanded as 


(2.52) 


(2.53) 


Fnodgeig, / 5 ; gi, g 2 , • • • ) = E 9^^ ^^nldgeW'^ qu g2, • • • : 

p=0 

We can further dehne the Hodge partition function with parameter g 

ZHodge{g,l3]qi,q2r--) = exp{FHodgeig,l3;qi,q2r--)) 

= exp 9i, q2, ■ ■ 


If we rewrite the equation fl2.46p as 

tb 


g' 


b+l 




1-b qr‘ 


m>b 


g 


m+l ’ 


(2.54) 


(2.55) 


(2.56) 


and substituting for tb, for and gP for jS in equation (I2.5ip . respectively, then 
we get the binding between the Hurwitz partition function and the Hodge partition function 
with parameter g. 
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We can also relate the Hurwitz partition function with the Hodge partition function by 
an operator |2]. The operator can be realized as a linear combination of certain modes of 
current algebra. Consider the bosonic current 


°° ^/c. . 1 , g d 


= E 3kZ~^~^. 

keZ 

From this current, we can get a spin-2 current with central charge c = 1; 




(2.57) 


(2.58) 


in which :: is the normal ordering, which means that the annihilation operators {jn,n > —1) 
are always moved to the right side. The explicit forms of {L^} are 

d‘^ 

'df — “ 

^^k+m Z 


oo f) 

+ ?r E 


k=l 




dtadb 2g'^ 

a+b=m a-\-b=—m 


(2.59) 


and they are subject to the Virasoro algebra relation 


Lmi Lfi 


(m 77.)Tm+n T Tfl). 


Furthermore, we can get a spin-3 current from the bosonic current: 

W^^\z) = ^:]izf:=Y,^nZ-^-^ 

One of the modes in W^^\z) 


(2.60) 


(2.61) 


is exactly the cut-and-join operator fl2.29p of the Hurwitz partition function. 

The Hodge partition function can be obtained from the Hurwitz partition functions by 
the Borel subalgebra action generated by with m < 0. 


ZHodge{g,f3-, 4) = exp ^ ttklS'^L^k ■ exp (-i7o,i) ■ Znig, /3; 4), 


(2.62) 


.fc=i 


in which are constants irrelevant to g or jS. The explicit values of are determined by 
the following equation: 


d 


exp 




,k=l 


Z = 


1 + .^ 


-e 1 +^. 


(2.63) 
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3 r-Functions 


In this section, we outline the expressions of the KP r-functions m- In the hrst part, we 
will represent the KP r-function in terms of the fermionic correlators parameterised by a 
set of inhnite continuous variables. From the fermionic representation, we can reexpress the 
r-function in a specihc determinant form. In the second part, we will expand the r-function 
with the Schur polynomials, such that we get the explicit form in terms of time variables. 

3.1 r-Functions in Free Field Representation 

The free fermionic operators G Z -|- 1/2, are subjected to the following anti¬ 

commutation relation: 


V'n} = Wn,, C} = {V'm, Cl = <^m+n,0- (3.1) 

Totally empty vacuum sates | -|- oo) and (+cxo| are determined by relations 


'i/jml + oo) = 0, m G Z -|- 1/2, 

(3.2) 

and 


(-Fcx) = 0, neZ + 1/2, 

(3.3) 

respectively. The shifted vacuum states \n) and (n are dehned as 


\n) =C+i/2C+3/2---| + oo), 

(3.4) 

and 


{n\ = (-CX)| • • • V’-n-3/2^/-n-l/2- 

(3.5) 


respectively. They satisfy the conditions: 

V'fc|n) = 0, iik>n] V'fcln) = 0, if/c>-n; 

= 0, ii k <n] (nlV'fc = 0, ii k < —n. 

In fact, they can be viewed as dehnitions of such states. 

It is convenient to introduce the free fermionic helds, such that 

^p{z)-.= Y. r{z):= Y (3-7) 

iez+1/2 iez+1/2 

It is well known that, they can be expressed in terms of the chiral bosonic hied (p{z) 

ip{z) =p-iq\ogz + i^^z-’^, ( 3 . 8 ) 
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'^^m+n,0^ [Pi Q\ 

The operator q is charge operator 

q\n) = n\n), {n\q = n{n\ 

while p is the conjugate operator of q such that is the shift operator 

= |n ± 1), (n|e=*=*^ = (n =F 1|. 

The free fermions fields and the chiral bosonic field with the following formulas 

^[z) =: := 

^*[z) =: := 


( 3 . 9 ) 


(3.10) 


(3.11) 


(3.12) 


where p+{z) = ^ cind (p-{z) = ^ above equation, :(): means the normal 


k>l 


k>l 


ordering for fermionic operators. The only deference with the normal ordering for bosonic 
operators in equation fl2.58p is that the factor (—1) will be taken into account as two fermionic 
operators exchanging their positions. For example 


: : = 




if m < 0 


if m > 0 

Using the dehnition fl3.8p . one can show that 


. .. gi0‘p{w) . ^ia<f:{z)+i/3<p(w) . 


(3.13) 


(3,14) 


Their Operator Product Expansion (OPE) are 

1 p{z)ll){w) = {z — w) ■. 


(3.15) 


'ip*{z)'ip*{w) = {z-w): 

'ib{z)'ib*{w) = — : ;= ^ + ... , 

r \ J T \ ) Z — W Z — W ’ 

respectively. On the other hand, the bosonic free held can be expressed as normal ordering 
of fermionic helds 


= T. JkZ = idzp{z) =: ilj{z)'ilj*{z) : . 
kez 


(3,16) 


Equivalently, the bosonic operators Jk can be represented as bilinear combination of the 
fermionic modes: 

Jk= Y1 ( 3 - 17 ) 


Obviously, 


ieZ+l/2 

Jk\n) = 0, k > 0 
(n| J_fc = 0, k > 0 
Jol'ki) = (l\n) = n\n) 


(3.18) 
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One should mention that not only the bosonic currents can be represented as bilinear com¬ 
bination of the free fermions, actually, this is true for the Virasoro generators and 
generators. The Energy-Momentum tensor C{z) and held are dehned as 

C{z) = ^ : J{z)J{z) := (3.19) 

and 

W^^'(z) = 1 : J{z)J{z)J{z) - 5^ z-*-’, (3.20) 

kez 

respectively. We get the explicit form of these helds by OPE: 

J{z)J{w) = : 'tp{z)'tp*{z) :: : 

= 7-—: -t- : dy.ip*{w)ij{w) : H-, ^ 

[z — w)^ 

therefore, the Energy-Momentum tensor is 


C{z) = |(: d:,ip{z)ip*{z) : : d^ip*{z)ip{z) :) 

= i E ■■ ■■ z-^-\ 

a-\-b=k,k^X 

And 

J{z) : J(w)J(w) : 

= : ip{z)'ilj*{z) : • (: dy,ip{w)ip*{w) : -i- : d^ip*{w)ip{w) :) 

= : 'ip{z)'ip*{z)du,'ip{w)'ip*{w) : + : 'ip{z)'ip*{z)dy,'ip*{w)'ip{w) : 

: i/j{z)i/j*{w) : : 'ijj*{z)'ijj{w) : : 'ijj*{z)djjj'ijj{w) : : 'ip{z)djjj'ijj*{w) : 

{z — wY (z — wY z — w z — w 

So, the ly(^) held is 

W^^\z) = I (: dzY*{z)dzY{z) '■ +\ '■ dlY{z)Y*{z) : 

- : dzY{z)dzY*{z) ■ : dlY*{^)Y{z) ■) ■ 

(3) 

In particular, Wq can be expressed as 

^0^^ = ■ ■ 
rez+i 


(3.22) 


(3.23) 


(3.24) 


(3.25) 


3.2 Determinantal Representation of r-Function 


It is well known that, the KP r-function can be written as the following correlator [3 [IS]. 


r(f) 


{0|e"(*)G|0> 
{0|G|0> ’ 


G = exp( E Aij-.YiYj-)- 


(3.26) 
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in which H{t) = ^ tkJk is the so called ’Hamiltonian’, and {tk} is a set of inhnite parame- 

k=l 

ters. In order to get the determinantal representation of the r-function, let us calculate the 
fermionic correlator (mi)g|o) ways. On one hand, using the Wick theorem. 


we can get 


{0|G|0) 

{-N\1p*{^iN)■■■1p*{^J■l}G\0) _ {0|i/>i/2-V’iv-i/2</'*Oiv)-V'*Oi)G|0) 

{0|G|0> {0|G|0> 


_ f Wi-i/2riH)G\0)\ 

~ 1^ {0|G|0} J. 


(3.27) 


On the other hand, using the boson-fermion correspondence, we get 

(-Ar|V^*(/Pv)---V’*(Aii)G|0) = (-iV| : G|0) 

N 

= A(/i)(-iV| : exp{-z £ V?(/ij)} : G|0) 

CXD 

= A(p) • (0| exp{^ 4Jfc}G|0), 

k=l 

where A(/i) is the VanderMonde determinant, i.e. A(/i) = ~ ^^^1 


(3.28) 


1 ^ 


(3.29) 


i=i 


The parametrization fl3.29p has been introduced in |TT], so such kind parametrisation is 
named as the Miwa parametrisation, and {/ij} is called the Miwa variables. Please note that 
for N is hnite, only hrst N variables, saying fi, • • • ,tN are functional independent. So in the 
following, we will consider the large N case. From fl3.27p and fl3.28p . we get 

det(0S“”^(/ij)) 


r(t) = 


A(/i) 


(3.30) 


in which the canonical basis 

j^(can) / ^ ^ _ {0|'i/'i_i/2V’*(A‘)G|0) 

P* ~ (OIGIO) 


= F + E 

k=0 


-k-l 


^ = l,2,••• 


(3,31) 


In which the coefficients bi^k 


bi^k 


(0|V’i-l/2V’fc+l/2^|0) 


(0|G|0) 

Moreover, the converse statement is also true. Namely, that any function r(t) in form 


(3.32) 


r(t) = 


det(0^(/ij)) 

A(p) 


N 


’ k ^ ’ 


(3.33) 


2=1 


is a KP r-function, with vectors {i = 1,2, ■ ■ ■ , N) basis have the asymptotic 

(/)i(/i) =/i*"^(l-h 0(-)), /i-)-CX) 


(3.34) 
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From equation fl3.33p . it is easy to know that, there are freedoms to change the matrix form, 
but its determinant is intact, so the vector basis for a KP r-function is not unique. But the 
basis in the form as (I3.32p is unique. We call the such unique basis as canonical one and 
denote it as So, the formula given by equation fl3.3ip is the canonical basis for 

the r-function. 

For every G in the form fl3.26p . there is always an element G in the form 


G = exp{ ^ Am,n : i>-m-l/ 2 i>-n-l /2 :} = exp{ ^ A^,n'0-m-l/2Cn-l/2}, (3-35) 


m,n>0 


m,n>0 


such that 

G|0) = (0|G|0)-G|0). 

The coefficient Am^n in fl3.36p can be got from the canonical basis. 


A — 

■^n.m 


(O|' 0 m+l/ 2 ' 0 „+i/ 2 ^|O) 


= h 




(3.36) 


(3.37) 


G may not be an element in certain group, but all the elements in the form of G form a 
group. For every KP r-function, there is an unique element in this group corresponding to 
it. From the dehnition |0), G|0) can be phrased as 


In this equation. 


G|0) = 

= (Gi^l^.G-^) ■ {drs/^G-^) .|oo) 

= ^V2^3/2. 1 ^)- 

'^r+1/2 ~ ^'^r+112^ 

oo 

~ V'r+1/2 “ ^ ^r,n'4’-n-l/2 

n=0 

CX) 

“ '^r+1/2 ~ S ^ri+l,r'>P-n-l/2- 

n=0 


(3.38) 


(3.39) 


G| 0 ) is the fermionic representation of the r-function, and for simplicity, we write it as 


r(t) = G|0). 


(3.40) 


In the case (7 = 1, let us denote the current operator as J^, and the Virasoro operator 
Lfc as respectively. That is 


Jk 


d 

dtk 


kt_k, for fc < 0 ; 
for fc > 0 , 


and 


^k = \ abt_at-b + of ^ 


E 




a+b=k 


a+h=k 


dtb 2 dtadtb 

a-\-b=k 


(3.41) 


(3.42) 
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Then action of the current operator on the r-function can be expressed as 

; ( 0 |e"mjtG| 0 ) 

* {0|G|0) 

and the action of the Virasoro operator on it is 

( 0 |e^W£fcG| 0 ) 


(3.43) 


Ck ■ T{t) = 


(0|G|0) 


(3.44) 


The time derivation dr/dtk (i.e. Jk ■ t for k > 0) can be also rephrased in the determinant 
form fl3.30l) 


dr{t) 


N 


- fit) det , 


dtk A(p) 

in which i?(/i) is a ’shift’ operator acting on the vector space 

In the case iV ^ oo, if is easy to see that 

CX) 

■ det = 0. 

m=l 

So if the canonical basis {4>t'^'^\fi)} satishes 

h'’ • 01 “” V) e Span{0S“"V), 02 ™” V), • 


(3.45) 


(3.46) 


(3.47) 




(3.48) 


for all 0, clII the d.Griv3jtivG of with, (^h 0) ScttisfiGS 

dT{t) 


dt 


kr 


= Const ■ r(f). 


(3.49) 


According to the dehnition of r-reduced KP hierarchies, we know that in this case the KP 
r-function is r-reduced. 

When Af —)■ oo action of the Virasoro operators Ck on the function can be also reworded 
in the determinant form: 

1 ^ 

Ck ■ T{t) = Y Akifim) det{(pY\fii)), (3.50) 


• ^(f) = ~X(a) ^ det( 0 r” 0 /rj)), 

m=l 

and here the operator Ak{fi) is 


i+fe 0 , 1 ^ ..fe 


AM -fi ^ 


(3.51) 
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3.3 Schur Polynomials Expansion 

At first, some notations should be introduced. A partition A = (Ai, A 2 , • • • A/) is a sequence 
of positive integers A* such that Ai > A 2 > • • ■ > A; > 0. The numbers of nonzero A* in 
A, denoted by I = /(A), is called the length of the partition. A partition can be naturally 
graphed by a Young diagram. A Young diagram of A is a table whose j-th row (counting 
from the top) consists of Xj boxes (see Fig.l). We will identify a partition with a Young 
diagram in the following. The total number of boxes in the diagram A is |A| = 
the empty diagram is denoted by 0. The conjugate of a partition A is the partition A' whose 
diagram is the transpose Young diagram A, i.e. A' is the height of the j-th column of A. We 
shall denote the set of partitions of m by ^(m), and the set of all partitions by 

For a given partition A = (Ai, A 2 • • • , A^) with / = /(A) nonzero rows, due to Frobenius, 
there is another notation for the diagram A, saying (a|/9) = (ai, • • • ,(3d), here 

d = d{X), d{X) is the number of boxes in the diagonal of Young diagram A, and = Xi — i, 

fdj = A'- — i which are the arm-length of square s = (i, i) and the leg-length of square 
5 = {hi)) respectively. Clearly, if A = (a|/3), ai > 02 > • • • > and (di > (32 > ■ ■ ■ > ad, 
and A' = (/3|a). Note that 

d 

^^(oj -|- I3i) + d = |A|. (3.52) 

i=l 

Sometimes, it is convenient to use a notation which indicates the number of times each 
integer occurs as a part: 

X = ■■■). (3.53) 

rui = mi{X) = Card{j : Xj = i}. (3.54) 

The number is called the multiplicity of i in A. 


Figure 1: partition A = (5, 3, 2, 2,1) = (4,1|4, 2) 


B = C[[ti,t 2 , • • •]] is the space of formal power series, there exists an additive basis 
of this apace. In order to introduce an additive basis for B which is indexed by partitions. 
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we first need to define the elementary Schnr polynomials Sk{t). They are dehned by the 
following generating fnnction 


= exp ( 


(3.55) 


kez 


Kk=0 


Thus 


Sk = 0 ioT k < 0 , 

^0 = 1 , 

Sk= E 


titl ^ > 0 - 


(3.56) 


ki-\-2k2-\—=k 

For a partition A, we associate it a Schnr polynomial S\{t) dehned by the following k x k 
determinant 

... \ 


S\{t) = det 


Ai 

“Fai+I 

>S'ai+2 

A2 —1 

^A, 

*S'a2+1 

A3 —2 

FA3-I 

^A 3 - 


V • 

= det 


(3.57) 


Examples are: 


- y - ^ 2 , 

>S'( 2 ,i) = -3 — ^ 3 , (3.58) 

^{2,2) = 12 ~ tits + ^ 2 - 

The set {S'A(t)|A G 3^^ is just the an additive basis of = C[[ti,t 2 , •••]]• For more about 
the Schnr polynomials, please refer to [36] . 

The Schnr polynomials can be formulated in terms of fermionic operators, we dehne two 
basic states |A,n) and (A,n| with respect to a partition A = (Ai, • • • , A;) = (a|/3) [7] 


|A,n) — V'n-/3i-l/2 ■ ■ ' '^n-liMx)-ll2'^-n-aa(x)-l3 ' ' ' V'-n-oi-l/2 ; 


(3.59) 


and 


(A, n\ = • • • V’:+a,(^)+l/ 2 ^-n+/ 3 ,(»+l /2 ' ' ' V'-n+/ 3 i+l/ 2 , (3.60) 

respectively. It is well known that the basic vectors fl3.59p and fl3.60l) are orthonormal, i.e. 

(A, n|yn, m) = 5x,i,5n,m- (3.61) 

For the given ’Hamiltonian’ H{t), we can expand in the basis vectors (A,n| 

{n|e"'‘) = ^(-l)*™S,(i)(A.n|, (3.62) 
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here the summation runs over all Young diagrams as well as the empty one and b{X) = 
+ 1). From fl3.26p . we can expand the KP r-function in Schur polynomials 

T(t) = '^cxSx(t). (3.63) 

A 

In this equation, cx = (—0|G|0) is the Plucker coordinate. 


4 The r-Spin Intersection Numbers with GKMM 

The aim of this section is to calculate the r-spin intersection numbers. The partition function 
of the r-spin intersection numbers has matrix integral representations [16]. At hrst, we 
overview the generalized Kontsevich matrix model, whose partition function is a KP r- 
function. Then, we calculate explicitly the matrix model corresponding to the partition 
function of the r-spin intersection numbers. 


4.1 Generalised Kontsevich Matrix Model 

The main subject which we will investigate below is one-matrix integral depending on an 
external held N x N Hermitian matrix M 






where the measure dY is the Haar measure of Hermitian matrix space 

N 

dY = Y[ dYii JJ dReYijdImYij. 

i=l i<j 

For any Taylor series of K(Y), we set, by dehnition. 


(4.1) 


(4.2) 


S(M, Y) = Ti'|V'(Af + Y)- V(M) - V'(M)Y], 


(4.3) 


and S' 2 (M, Y) is the quadratic part of 5'(M, Y), 

S 2 {M, Y) = lim \S{M, eY). (4.4) 

It is clear that the partition function fl4.ip depends only on the eigenvalues p.i,p. 2 , • • • ,fiN 
of the external held M. The partition function dehned by equation fl4.ip is often called as 
a Generalised Kontsevich Matrix Model (GKMM), while for V(Y) = it is exactly the 
original matrix model dehned by Kontsevich [52] . 
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In order to investigate the GKMM fl4.ip . we first study the following matrix integral 

[A] = j , (4.5) 

in which the potential V{X) is a polynomial, A is a Hermitian matrix and it can be diago- 
nalised by unitary matrix Uq, i.e. Uq^AUq = diag{Ai, • • • , Aat}. Because the Haar measure 
(14.2^ is invariant under the action of unitary group U{N), we get 

= J (4.6) 

= J'|r'^^[diag{Ai,---,A7 v}]. 

Therefore, it is convenient to take the external held as a diagonal matrix, i.e. A = diag{Ai, • • • , Xn}- 
For a Hermitian matrix X, there is a unitary matrix U, such that 

X = U ■diiig{xi,X2r-- ,xn}-U-^ 

= uxu-\ 


In the second identity, we have used X to represent the diagonal form diag{a;i, X 2 , • • • ,xn}. 
So, the matrix integral fl4.5p can be written as 


= fgf- n / A(A') 

i=l 

det (i ^i (Aj )'}i<i,j<N 

~ MA) ’ 


(4.8) 


where [dU] is the Haar measure of the group U{N) and V/v is its volume. In the above 
performing, the well-known Itzyskon-Zuber fomula 


[dU]e 


TrAX T. det(e^^"Oi<ip<Ar 

— Vn- 


(4.9) 


(4.10) 


A(X)A(A) ’ 

is used, and the functions Fi{X) in this equation is 

Fj(A) = J 

= (i)'"n(A). 

The goal in the following is to get a determinantal representation of the GKMM fl4.ip . We 
will deal with the numerator and denominator in two different ways, for convenience, we 
denote them as and Dk, respectively. So, 


and 


Dk = I dye-®"<"0 ) 


(4.11) 

(4.12) 
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We first deal with the numerator. After shifting the integration variable 


A = r + M, 


the numerator can be expressed as 

11 ^ A{V'{M)) ’ 


in which 




Then, let us convey the denominator Dk- If the potential can be represented as 
series 


vw = E 


V„X’ 


n=l 


n 


and it is supposed to be analytic in A at A = 0, the equation 04.41) implies that, 

^ OO 

S^{M,Y) = -Y,Vn Y. M-YMX 

71=2 a+b=n—2 

then the denominator can be identical with 

N 


D 


K 


A(M) 


n ■ 


A(r'(Af)) 

Therefore, we get the determinantal representation of 04. ip 


ZPIM] 


N 

n 

k=i 


n spk) 


A(M) 


in which 


s(/i) = 


and s(/i)<h|-^^(/i) has the following asymptotic 


as fi ^ OO. If we set 








(4.13) 

(4.14) 

(4.15) 

a formal 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 
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where (/r) is a first-order differential operator in special form 




1 d , ,, 

V'iti) dp. WAtW 


(4.23) 


The operator is viewed as a Kac-Schwarz operator, this kind of operator in V(x) = ^ 
case was obtained in [25]. In the next section, we will take a specihc potential V(Y), snch 
that fl4.ip satishes (12.251) . 

It is remarkable to use another parametrisation of the partition function by treating 
it as a function of the time variables dehned by fl3.29p . From (13.331) and (I3.34p . we know 
that the partition function of the GKMM (14.11) is a KP r-function in the time variables {tp} 


4.2 Calculate r-spin Intersection Numbers with GKMM 


In section 4.1, we consider the GKMM with very general potential. If we restrict the potential 
function to a concrete form, more details could be to carry out. 

If the potential function in equation (14.ip is chosen as 

y^r+l 


V{Y) = 


r -I- 1 


(4.24) 


From now on, we denote the partition function zj^^[M] in (14. ip by meanwhile 

by From the dehnition of <hi(/^) ^^^1 equation (I4.2ip . it is easy to know 


*hi(/^) —/i* (l-|-0 (—)), /i —)■ cxo. 


(4.25) 


and 




(4.26) 


e Span{$i(/i),<F2(/i),---}. 

The canonical basis $|“"'^(/i) is a linear combination of $j(/i)’s, so it is also satishes (I4.26p . 

i.e. 

!/ ■ 6 Span{4r(f*), ■!>?“(/*), ■ ■' }• (4-27) 

According to (I3.48p . as iV —)■ oo, the partition function Z^[M] of the GKMM with the 
potential (I4.24p Z^[M] is a r-reduced KP r-function, that is to say 


dt 


kr 


= Gonst • Z}^^[M]. 


(4.28) 


For potential (I4.24p . the recursive relation (I4.23P for <Fi(/n) becomes explicitly 


$i+i(/i) = { 


d 


djjL 


2r-\/—rfi^ 


(4.29) 
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With the same reason as 04.271) . there is the constraint for the canonical basis 


{ 


d 


(9/i 


+ V-r/i - 


r — 1 
2r/i’’ 




[can), 


Acan), 


(4.30) 


From eqnations (I3.46p and O3.50p . eqnation O4.30p is eqnivalent to a constraint on Z^[M] 

+ \c-.} ■ ZtWl = Const. zM|M]. (4.31) 

The operator —+ is exactly the operator dehned in eqnation 02.13p . Eqna¬ 
tions 04.281) and 04.301) are two additional constraints for Z^[M], more precisely the con¬ 
stants on the right hand of these constraints are identical to zero. In the following, we will 
prove this fact. For simplicity, we denote 


and 


tr} r 1 *9 , 

= i^-TTT + 

r/iC ^ On 


J^l — ..r 


r — 1 
2 r/i^ 




(4.32) 


(4.33) 


|r| |r| 

respectively. In fact, both and are Kac-Schwarz operators in the Grassmannian 
notation [8]. From the operators and b\^, we constrnct operators ioi k > —1 




(4.34) 


where {,} is the anticommntator for differential operators. From the dehnition of Ik and 
eqnations (I4.27p and (I4.30p . it is obvions that 


k ■ 4>1“”G) 6 Span{4S“"V), ... }. 


(can). 


■(can) 


(4.36) 


It is eqnivalent to 


® - W)'i?£>|M] = Const-zW|M]. 


•9t(fe+l)r+l ^ 

In order to investigate the relations of operators Qt , ~ we denote 


(4.36) 


rl^l _ 
- 


dt(^k + l)r + l 

Jnr, n > 1 are snbject to the following relations 


^(fc + l)r’ + l 


+ + bkfl 24 r simplicity. The operators lI^\ k > —1 and 


and 


Jnr\ 0^ 

(4.37) 

’ '^mr] '^J(m-\-k)r ^ 

(4.38) 

[9^m^ = (m- n)Ll^l^. 

(4.39) 
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As each operator can be expressed as the commutator of other two operators, we get the 
following constraints for partition function Z^[M\ 

= tort>l, (4.40) 

utkr 

and 

Lt' = -forfc>-l. (4,41) 

(^{k+l)r+l ^ 

The fact that Z^\m] is a r-reduced KP r-function, and with (14.3ip determines that the par¬ 
tition function Z^\m] satishes a formal vacuum condition of hPi+oo algebra. Furthermore, 
it satishes the vacuum condition of Wr algebra [20l |2l] . The WA-constraints can uniquely 
determine the partition function up to a constant factor [34] • So, up to a constant, the 
partition function dehned in fl2.9p and Z^ [M] here are the same matter. More specihcally, 
as the constant terms in the expansions of Z{t) and Z^[M] both are one, so they are the 
same one, i.e. 

Z(f) = zW[M] (4.42) 

Our next aim is to calculate the expression of and carry out and the 

fermionic representation of Z^[M]. From the dehnition of 4)j(/i), it is easy to see that all 
can be written in the following form 

OO 

$,(/x) = * = 1, 2, • • • , (4.43) 

i=i 

the coefficients afj can be obtained directly from fl4.22p by performing the integral. In the 
r = 2 case, these coefficients have obtained in the way [8]. Before giving the explicit form of 
Ojj, we introduce some notations. For m > 0, we dehne 

= {A G ^(m)|3 < Aj < r -|- 1, for 1 < i < /(A)}, (4.44) 


and 


^-+1(0) = {0}. 


At hrst, we calculate ^i{^) 


— V—rr f,r + l 

—rr/i'’ ) 26 ^+1 ^ 


^r+l 




f dxe ’’+1 

_ , ,_ r+l 

= /dxexp{-^ ^ 


k=2 


By derivation the integral fl4.46p . we get the explicit form of 


{r} 

{r} 


j = 0, if j 7 ^ 0(mod(r-M)), 


_ \ (-l)HA)(y37)UA) m(2m-l)!! e 

“l,fc(r+l) 1 11 '-^r+1 I (r+l)*(^)r-"*n'^i mi(A)! ^lW-m+k,0- 

AGPar^"*"^(2m) ^ 


(4.45) 


(4.46) 


(4.47) 
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For other , (z > 1), it can be calculated by recursion derived from (jl2 

= 0 , if j ^ 0 (mod(r + 1 )); 


W _ W , 2i-l-r . 

“i+l,r-+l “ “i,r+l ^ ’ 


(4.48) 






{2k+l)r+{2k-2i+l) ^{r} 


i+l,(fc+l)(r+l) j,(fc+l)(r+l) 2r^/^ i,k{r+l)' 

In the next, we proceed to get the canonical basis which is a linear combination of 

<hi(/i)’s. Recall that in the expression of there is only one term /r with non-negative 

power, i.e. 

^(can)^^) ^ ^ ^^2)^ /i ^ CX), 


det($i(/ij)) = det($f“''^(/ij)). 


(4.49) 


Obviously, the identities between and (t() are 

<s>'r\ii) = <s>M, 


(4.50) 


Then, the explicit form of <F 


(can) 


IS 






in which 


2—1 




{»•} 


(4.51) 


(4.52) 


k=l 


From the explicit expression of , it is easy to known that b^/ 7 ^ 0 if and only if i -|- j = 


{r} 






l(mod(r -|- 1 )). 

Reversing the progress what we have done in section 3, we will construct the fermionic 
representation of this GKMM from its determinantal representation. As accounted in section 
3, there is a unique in the form 


= exp{ TlM V'-m-l/2Cn-l/2}i 

(4.53) 

m,n>0 


such that 


Z^^\t) = ZM[m] = (0|e^WGW|0). 

(4.54) 

From eauations (I3.32p and f|4.51p.The coefficient Ak\ is 


_ /,W 

^72+1,772+1 • 

(4.55) 


In the next subsection, we will expand the partition function [M] in a additive basis of 
B = C[[ti,f 2 , •••]], and we get the coefficients before the monomials of tk that is we really 
need. 
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4.3 Z^\m] in terms of Schur polynomials 

We have known that, the GKMM partition function with potential V(Y) = 1 /—is a 
r-reduced KP r-functiion. According to equation fl3.63p 

Z^\m] = J2cx-Sx{t) (4.56) 

A 

here the pliicker coordinates c\ are 


CA = (-l)'(^)(A,0|Go|0) 

= (—l)^A)+'^(-^) • det(5/3.+i,a^_|_i)i<jj<rf(A), 


(4.57) 


and as usual, {d\(3) is the Frobenius notation for a partition A. After simple algebra, we find 
that ca 7 ^ 0 if and only if |A| = 0 (mod (r + 1 )), that is. 


Zjog 


[M] = 1 + ^ XI cxSxit) 

k=l |A|=/c(r+l) 

= 1 + ^gr+l 


Sir+i)it) - • Xni)(^) + + 


+^l>+2 • S(2r+2){t) - 62 gr-+l ' >S'(2r-+l,l) (^) + ' S{l2r+2^|{t) H- 


{r} 


(4.58) 

In equation (I4.56h . we have expanded the partition function in terms of the Schur 
functions {S'A(t)|A G By definition of the Schur polynomials, we can express this 

partition function in the basis {nr=oCi ruk > 0, and only finite are non-zero}. By 
the transformation of variables fl2.20l) . the partition function Z^[M] can be expanded as a 
Taylor series in the variable >0;0<a<r — 2}, and from these expressions, we 

can obtain the partition function of r-spin intersection number. After taking the logarithm 

r^l r(m-l) a 

of and resplacing the parameter A by tm,a —t A (’’+!) we can get the genus 

expansion of the free energy which is the generating function of the r-spin intersection 
numbers. Unlike the recursive method given by K.Liu, R. Vakil and H.Xu [33], we completely 
solve a generating function of r-spin intersection numbers. From this generating function, 
we can read all the r-spin intersection numbers directly. We will give some examples in more 
details in the Appendix A. 


5 The Partition Functions and ZHodge{t) 

5.1 Fermionic Representations of Znit) and Znodgeit) 

As mentioned in equation fl2.40p . the Hurwitz partition function can be represented in terms 
of the cut-and-join operator Wq fi.e. fl2.29p h From the fermionic representation of Wq , i.e. 















dXM]), the Hurwitz partition function can be represented as 


exp(| •) 


= 


rez+i 


r+s=—1 


(0|«xp(| (’■^ + ]^) : V'r'l/'lr Oexp( ■ 'Pri’’. --W) 


(5.1) 


rez+i 


r+s=—1 


It has be proved that the Hurwitz partition function is a KP r-function. For the operators 
Lk are generators of gl{oo), the Hodge partition function is also a KP r-function. Expanding 
fIS.ip . we get the fermionic representation of the Hurwitz partition function 

/ “ (-1)5 P, , ■ ^ 1,2^ 1, 

" ^ + +4th-.. 

/ - (- 1 )*^ P -^3 2^9 

■ E —exp -[-(-?2 + -) + 7 ] • 


■ exp ^ 

Vj2=o * 2 ! 2 

/ 00 ('—iVfc fj 1 1 

■ ( E ^exp^[-(-4 + /c + -)2 + (/c--)]-V^*_i_ 


'^k 


(5.2) 


00 


= </2V'|/2---V'Ei/2---|00)- 

In this equation, 


and 




^r+1/2 = V'Ei + Y1 ^r,u'^r+l/2-i 

i=l 

^^exp{|[(r + 1 / 2)2 - (r-M + 1 / 2 ) 2 ]}. 

Uj • ^ 


(6.3) 


(5.4) 


7"+1/2 corresponds to the basis {0i(/i)} in the notation (13.341) . and from '0^1/2’ ^e can 
construct another operator which corresponds to the canonical basis (13.3Ih 


^ 1/2 ri/2) 

^r+ 1/2 rr+ 1/2 


«r,i^r-i+l/2- 

i=l 

From the dehnition of ^e can written it as 

CX) 

'^r+ 1/2 = V'Ei /2 + 5 ^ 0 -*+i/ 2 i 

and the coefficients are 


(5.6) 


i=l 


h^- = a-^- - V ■ ■ 

/ j 'f',.T V—I' 


(5.6) 


(5.7) 


i=i 


From equation 03.391) . we can End a fermionic representation of the Hurwitz partition func¬ 
tion Znit) 

Zh = exp{ ^ &^,„+iV^-m-i/2V'E-i/2}|0) = G^IO). (5.8) 

m,n>0 
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Using the boson-fermion correspondence, one can rewrite Zu in terms of the Schur poly¬ 
nomials, 

Zh = 1-|-S'(i)(f)-|-ie^S'( 2 )(t) + e -|-^e^^S'( 3 )(f)-|-iS'( 2 ,i)(t) + e 

-h^e®^S'(4)(f) -h |[e^^S'(34)(t) -h ^5'(2,2)(t) + ^e“^^S'(2,i,i)(t) + 

-h|ie^°^S'(5)(f) -F ^e^^S'(4^i)(f) -f- ^e^^S'(3^2)(f) + ^*S'(3^i^i)(f) -f- —e ^^S'(2,2,i)(^) 

+ ^e~^^*S'(2,i,i,i)(t) + . 


E 


1 


(Ai,-,Afe)e^ 


Ai!A2!-Afc! 


exp 


/5 


Aj(Aj — 2i + l) 


2=1 


S(Xi^... ,Afe)(^)- 


(5.9) 

In the following, we will give the fermionic representation of the Hodge partition function. 
At hrst, we rewrite the ELSV formula for the Hodge partition function 


Znodge = exp ^ akf3'^L_k • exp - ^ 


,fc=i 


b=l 


b\ 


■ Zh, 


where the coefficients are some constants that are determined by equation (12.631) 


d 


exp ( 


.fc = l 


• 2 ; = 


1 + .^ 


-e 1+2 


We will derive the fermionic representation of the Hodge partition function in two steps. 
In hrst step, we construct a partition function Zf,, which bridges the Hodge partition function 
and the Hurwitz Partition function. In next step, we give the fermionic representation of 
the Hodge partition function from Zf,. At hrst, we dehne the partition function Zf, as 


_ ],b-2ob-l j 

Zf, = exp{- y- -} ■ 


6=1 


(5.10) 


From equation (13.17^ . Zf, can be represented in terms of fermions 

OO ^ 

Z, = E ■■’l’ur„--}G"\0) 

b=l i^j=—b 

In this equation, the operator '0^1/2 gotten from '^Ei /2 following way 


(5.11) 


_ J,b-2ob-l _ °° 1^-2 ob-1 

^ 1 + 1/2 = exp{- - Y ■ ■ ^1^1/2 • explj]]-- Y ■ 

b=l i-\-j=—b 6=1 i-\-j=—b 

(5.12) 

From equation (13.17p . it is easy to get [^^,'^*+ 1 / 2 ] ~ ~'^k+r+i/ 2 - Then from the explicit form 
of ' 0 ^ 1 / 2 ’ Sof fhe explicit expression of '^):_,_i /2 


V'rVl/2 = V’, 


r+1/2 ~ rr+1/2 


Y 


r— 2 + 1/2 


(5.13) 


2=1 
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where 


a. 


H 


* / ^ Rj-l . . . Lfci-2 

= a^- + V I V ^ V — _ ^ _ 

^r,i «'r,i 1 ^ fci ! • • • L! I '"’■,1-r 

j=l \ 1=1 fciH- \-ki=u 


(5.14) 


From the dehnition of Zt, it is obvious that 


Zffo ^ exp j ^ i ■ Zb 


(5.15) 


,fc = l 


The operator Lk is a operator being in gl{oo), we have gotten its fermionic representation 
in equation fl3.22p . So the Hodge partition function can be represented as 


Zho = exp ( i XI E (b-a) : : ) • ^6 

\ ^=1 a-\-b=—k 


In this equation, 


'^r+i/2 = exp i X E (b-a): ipa^h : • ^/^Xi/2 

V k=l a+h=-k J 

(oo 

-i E E (b-a) : ipa'ipl : 

k=l a-\-b=—k 

As Lfc = i Y.a+b=kib - a) ■ i’ai’b 3 the commutator of Lk and V’Ei /2 

, fc + 2r + 1 




r+l/2j 
Ho 




r-\-k-\-l/2' 


Therefore, the explicit expression of '0E°i/2 


(5.16) 


(6.17) 


(5.18) 


V'S/2 = i’hl/2 


Y1 “h’'* 


r—i+1/25 


i=l 


where the coefficients are 


(5.19) 


= (^r,i + E E E ''' Ofe, (-^1 + 2r + 2j - 2i + 1) 

j=l 1=1 ki-\ - \-ki=u 

■{—k 2 + 2r + 2j — 2ki — 2* + 1) • ■ ■ {—ki + 2r + 2j — 2ki_i — 2i + 1). 
We repeat the approach for Zh, and construct from 


>+1/2 


^V2 = </2- 


^Ho _ nl,Ho 


■r+1/2 'rr+l/2 


i=l 


+ 1 / 2 - 


Similarly, 


^f+ 1/2 = V'Ei/2 + 


2=1 


(5.20) 


(5.21) 


(5.22) 
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and the coefficients are 


(5.23) 


r^i ^r,i / ^ r,j 

j=^ 

Finally, the fermionic representation of Zho is 


Zho = exp{ ^ 6^°„+iV’-m-i/2V'Vi/2}|0) = G °|0). 

m,n>0 


(6.24) 


5.2 Connection Between and 

In above sections, we have expressed the partition function of r-spin intersection numbers, 
the Hurwitz partition function and the Hodge partition function in terms of fermionic helds. 
We could consider the linkage between any two by a GL{oo) operator. Denote the operators 


and 


Uhw = G^-{GT" 

= exp{ ^ - &Ul,n+l)^-m-l/2V^h„_i/2}, 

m,n>0 

Uhow = 

= exp{ ^ Kn+l-blr+l,n+l)^-m-l/2'lp*_n-l/2}^ 

m,n>0 


(5.25) 


(5.26) 


respectively. Then, the partition function of r-spin intersection numbers Z^'"^ and the Hur¬ 
witz partition function Zh can be bridged by Uhw'- 


Zh = Uhw ■ Z^K 


(5.27) 


And, the partition function of r-spin intersection numbers and the Hodge partition 
functin Zho can be connected by UhoW 


Zho = U, 


HoW 


■ zM. 


(5.28) 


As the boson-fermion correspondence, we can express '^r+ 1/2 and 4’t+i/2 wifh Jk- From 
equation fl3.26p . 


and 


” 0 —m—1/2 


res( 2 ; ^e*^exp{ ^ exp{—^ ^}) 




k>0 

J— k \ O ( Jk ' 


/>0 


u=0 


(5.29) 


'ip*_ 


■n-ll2 


res(.s 


—n—Ip—ip 


exp{- E ^^"}exp{E 
k>0 l>0 


00 

3-*" E ^«+n( 

ii=0 


0^- 


ky k 


(5.30) 
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Here, Su is the elementary Schur function defined in fl3.55p . Therefore, equation fl5.28p is 
equivalent to 


Zho = exp{ ^ Kn+l - b^m+l,n+l) E Sm+u{^) Su{- f) S^+n{- 

m,n>0 u,v>0 

= <ixp{ E (62 j,+i - E (S„+„(%i)S„+„(-%i)S„(-f)S„(t) 

m,n>0 u,v>0 

+S™+„(%i)|S„(-t).S„+„(-%i‘)lS„(f))}. ZW, 


(6.31) 

From equation fl3.43p . equation fl5.3ip can also be rephrased in terms of time coordinate {t^} 


= exp{ E (C 

m,n>0 


Zho = exp{ ^ 

m,n>0 

i-bl 

1 d 
k dtk 


r 

) E Sm+u 

{tk)Su{- 

1 a \ c 

k dtk> 


u,v>0 


r 

) Sy-\-n 

{-tk)Su{- 


u,v>0 



■),Sv+n{ 


kdtk>>i 

^W. 


1 d ' 
k dt]^' 


'' k dtk ' 

(1 d ‘ 
^ k dt]^' 


(5.32) 

Equation fl5.32p gives a relationship between the partition function of r-spin intersection 
numbers and the Hodge partition function. By comparing the coefficients in both side of 
equation fl5.3ip . one get the formula between the r-spin intersection numbers and the Hodge 
integrals. The r-spin intersection numbers and the Hodge integrals both are invariants in 


the moduli space of curves, and they play important roles in both mathematics and physics. 
We expect equation fl5.32p should have signihcant roles to investigating the topics. 


5.3 VFi+oo constraint for the Hodge Partition Function 

In section 4, we have given two Kac-Schwarz operators and b\^ for the partition func¬ 
tion of r-spin intersection numbers. From these two operators, one can construct a hFi+oo 
constraint for the partition function of r-spin intersection numbers. In fermionic helds, they 
can be expressed as 



- 1 ) 


k-l 


res^ (: \ {aP{z) :) -F Sn,oCk, 


k > 1, n > —/c, (5.33) 


where are constants which can be determined by the commutators of these operators. 
These operators satisfy the equation 


^{k) . ^{r} _ g for fc > 1 , n > -k. 


(5.34) 
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We list the first few examples in the following: 





Jnr= E : 

a-\-b=nr 

-ires^ 

^ E {b-a): E : V’a'06 : +<5n,o4r 

a+b=nr a+b={n+l)r+l 


j,^nr \/ J{n+l)r+l b-afl 24 r ’ 

ires^ (: 'il^{z){{b\!^^)^+^, {a}^f}ij*{z) ; 


(2a+r)(2a+3r)+(26+r)(26+3r) 
8r^ 


E 

a+b=nr 

+ E (a-b) : ^pa^l : -r E 

a+6=(n+l)r+l a+6=(n+2)r+2 


: '^aVb 


(5.35) 


Equation fl5.26p gives an operator in term of fermions connecting the partition function of 
r-spin intersection numbers and the Hodge partition function. From it and equation (I5.33p . 
we can construct a hhi+oo constraint for the Hodge partition function 




Uhow ■ • U-^ 


HoW 


2 


res^ 


E UhoW : i^aVb : 

a,b£Z+l/2 


These operators satisfy the equation 



(5.36) 


ypW . Zho = 0, for A: > 1, n > -k. (5.37) 

As examples, we give the explicit expressions of and which are the generator of 
the whole Wi+oo constraint, 

wE = E --i^arb- 

a+b=nr 

+ E J2ib^nr-k-bl+i^nr-kW-l-l/2'^k+l/2 

0<k<kr l>0 

~ E E(^l^)+l ~ ^fc+l,i+l)'^nr-fc-l/2'^-*-l/2 (5.38) 

k>0l>0 

~ E E(^i,nr+fc+l ~ ^Z+l,nr+fc+l)'^-fc-l/2'0_Z_l/2 
k>0l>0 

+ E E ~ ^Z+l,nr-fc)(^fc,m+l ~ ^fc+l,m+l)'^-Z-l/2’^-m-l/2) 

m,/>0 0<k<nr 
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and 




2r 


Y. : Ipaijl ■ E : ■ 


a+6=—r 

+ h E E (^fc^m+l ~ K+l,m+l){'^ + 2fc + l)'lpY_k_i/2i’-'m-l/2 

k>0 m>0 

+ i E E (bn,Lr+l - K+l,k-r+l)(^ -2k- l)^-k-l/2^Y_i/2 

' 1 

E (^k,m+l ~ ^A;+l,m+l)'^l/ 2 -A:V'-m-l /2 

m>0 

^ E - ^El,l)^-n-l/2V'l/2 

n>0 

^ E E (^^E2 - &El,fc+2)^-fc-l/2V'ln-l/2 

fc>0 n>0 

-\/^ E E (^n,l - - bl^+l)^*-n-l/2^-m-l/2- 


d-^-b —1 



(5.39) 


m>0 n>0 


As operators and are another operator representations of the Kac-Schwarz opera¬ 
tors and al^\ the operators and W^i are equivalent to two Kac-Schwarz operators 
for the Hodge partition function, denoted b^° and a^°. These two operators are subject to 
relation 

where [, ] is the commutator for differential operators. The operators and are 
generators of the hhi+oo constraint for the Hodge partition function and the Hodge partition 
function can be determined by these two operators. 


6 Conclusion 

In this paper, we want to tryout the r-spin intersection numbers through the GKMM. In 
the paper [32] , Kontsevich carry out his model to the intersection numbers by the Feynman 
diagram techniques. Unlike his way, we unite them by fU-constraint. The partition function 
of the GKMM with a given potential V{M) and the generating function for the r-spin 
intersection numbers satisfy the same fU-constraint. As the uniqueness of the solution 
to the constraint, the two kind functions should be coincide with each other. So, if we 
represent the partition function for the GKMM in determinant form, we can get the fermionic 
representation, and the Schur polynomials representation for the partition function of the 
r-spin intersection numbers. 

We constructed a GL{oo) operator that makes up a connection between the partition 
function of r-spin intersection numbers and the Hodge partition function. We expressed 
this operator in both fermionic language and bosonic language. Unlike the results got by 
A. Alexandrov Ei, X.Liu and G.Wang [35], a Hodge integral can be expressed as a finite 
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summation of r-spin intersection numbers. The Hodge integrals and r-spin intersection 
numbers are both geometric invariants in the moduli space of curves, and this operator 
build a bridge between them. The operator must have certain geometric meaning, and it is 
a problem we want to investigate in near future. 

From the operator between the partition function of r-spin intersection numbers and 
the Hodge partition function, we construct the hFi+oo constraint for the Hodge partition 
function. This constraint completely determines the Hodge partition function. We also give 
two Kac-Schwarz operators for the Hodge partition function which are the generators of 
the hFi+oo constraint. It is not only a hFi+oo constraint for the partition function of r-spin 
intersection numbers, but is also a IW-constraint for it. There may be an operator consisting 
of Wr operators that connect the r-spin intersection numbers and Hodge integrals, like the 
operator given in A.Alexandrov’s conjecture [2]. 
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Appendix A. Examples of r-Spin Intersection Numbers 

We will give some particular examples for the potential V(Y) = with given r. We 

calculate the following results with the help of Matlab progrom. If anyone is interested in 
the source program, please email us to receive it. 


A.l r = 2 

In this case, from fl4.47p . we get 


/ (6m-l)!! 

V 144 J (2m)! 


( 6 . 1 ) 


By the recursion formula (I4.48p 


02,3m — — 


n - (-YEE 

03,3m I ]^44 


n — —YU 
04,3 144 2 ’ 


V—2'\ ™ (6m—3)!!, ix 

■wj + 


(6m-l)!! 

(2m)! 


04,3(m+l) = (-^) f2m+2)! + 3)(41 “ BGm^) 
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n — —^El ^ 
®5,3 144 2 ’ 


a 5 , 3 (m+i) = (“^) f2m+2)! + 3 )( 6 m + - 72m - 101 ), 


^ 555 

®6,3 144 ■ 2 ’ 

^ - f-El 

Q6,3(m+1) 1 144 


m+1 


(2m+2)! + 432m - 108m2), 


then, from equation fl4.52p .we get the explicit form of b. 




h - n - ( ElE (6m-l)!! 

m,3m — «l,3m — I 144 ) (2m)! ’ 

f yj _2 'N ^ 

^2,3m-l = 02,3m = ( j 

h - n - f 

03,3m-2 — 03,3m — I ) 



1 (6m—1)1! 

144 , 

1 (2m)! 


\ (6m—1)!! 

144 ^ 

1 (2m)! 


b4,3m 


El 

144 


f 2 m+ 2 )! + l)(108m2 + 123m), 


&5,3m-i = (-^r) f2m+2)! + l)(2m + l)(108m2 + 87m), 


^6,3m-2 


■ —(2"^ + l)(108m2 + 123m), 


144 


(6.2) 


(6,3) 


Expanding the partition function Z in the Schur polynomials, 

Z = I - (5 • S'( 3 )(f) + 7 • 5'(2,i)(t) + 5 • S'(i3)(f)) 

■ ‘^(6)(^) + 455 • 5'(5^i)(f) + 0 • «S'(4^2)(^) + 385 • S'(4^i2)(f) 

-70 ■ ^(3,3) (t) - 50 ■ %2,i)(t) - 70 ■ ^(2,2,2) (t) + 385 • ^( 3 , 13 ) (t) 

+455 • 5’(2p4)(t) + 385 • S’(i6)(f)) + ■ ■ • 

= 1 + (16t? + OOOtfTg + 720^5^1 + 225fi)/4608(y^)2 + (64f? + 7056f?f3 + 60480^5^1 
+132300t?t2 + 181440^7^? + 317520^5^1^3 + 33075^1 + 68040f9)/663552(x/^)3 

(6.4) 

These results are consistent with the formulas got by Zhou [19] by solving the Virasoro 
constraint of the Kontsevich matrix model. And A. Alexandrov also got the same result 
from other method [1]. 


A.2 r = 3 


In this case 

5i, 4 = Ol,4 = 
^2,3 = 02,4 = 
^3,2 = O 34 = 

54,1 = 04^4 = 


7 

5i, 8 = Oi,8 = 

140 

36x/+J’ 

(36^/=3)2 ’ 

5 

^2,7 = 02,8 

4480 

36V-3’ 

(36v^)2 

5 

^3,6 = 03,8 

6760 

36V-3’ 

(36^/^)2 

7 

^4,5 = 04,8 = 

7420 

36v/=3’ 

(36+=3)2 ’ 


(6.5) 
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Then, the partition function can be expressed as 


Z = 


^ + 36^=3 ■ %)(^) + 367^ ■ ‘^(3.1) (^) 

36^^ ■ ‘^(2,lb(^) “ 36V^ ■ ^ ■ ^{2,2){t) + 

2592(^/33)2 [385 • 5'(8)(t) + 455 • S'(7_i)(t) + 0 ■ 5'(6,2)(^) + 25 • *S'(6,l2)(i) 
0 • *S'(5^3)(t) + 0 ■ 5'(5^2,1)(^) ~ 385 • S'(5^i3)(t) — 70 ■ S'(4^4)(t) 

70 • 5'(4^3^i)(t) + 0 ■ *S'(4^22)(^) + 98 ■ 5'(4^2 ,i 2)(^) — 385 • S'(4 i4)(t) 

50 • 5'(32 2)(t) + 0 • S '(32 42 )(t) + 70 • 5'(3^22,1)(^) + 0 ■ 5'(3_2,13)(^) 

25 • S'(3^l5)(t) — 70 ■ S'(24)(t) + 0 • S'(23^l2)(t) + 0 ■ S'(22^l2)(t) 

455 • <S’(2p6)(t) + 385 • S’(i8)(t)] + • • • 


( 6 . 6 ) 


1 + 


7^4 + 


24 


36v^''4 -T 3g^ 


2^1^2 + i 62(V^)2 [9^1^2 + 30tft5 


+ 78tlt2U + 42^1^7 - 12t^ + 13t|] + • • • 
Replacing t 3 n+a+i in (EE]) by , we get 


Z = 


1 + i ^ o , 0 ^ 0,1 + + 1 ^ 0 , 0 ^ 0,1 + 1 ^ 0 , 0 ^ 1,1 

M^0,0^0 ,Ri,0 + 0^2,0 + ^^0,1 + ^^1,0 ^- 


(6.7) 


The second term in the RHS of (16.7p is exactly the Fq in (12.101) obtained by E.Witten 
while the third term is given by fl2.1ip . It seems that there is no practical effort to write the 
hrst few 3-spin intersection numbers out. In them, some results coincide with those in [50] . 


(^oVi.i)o = 

«i)o = i 

However, the following results are different. 


(T‘o,0'r2,o)l — 


( 6 . 8 ) 


(^i,o>i = ro; {toVo,iTi.ci)o = if 


(6.9) 


In this case, the partition function 

^ ^ + 32^ ■ ‘^(5)(^) + + 0 • S'(3,2)(t) 

“ 32^=4 ■ ‘^(3,l2)(t) + 0 • S'(224)(f) 32^34 (^) + 32^=4 ' 

2048(^=4)2 + 495 ■ 5'(9,i)(f) 0 ■ 5'(8,2)(i:) - 231 • S'(8,l2)(f) 

+ 0 • S'(7_3)(f) -|- 0 ■ 5(7^2,i)(i^) — 273 • S'(7^i3)(t) -|- 0 • S'(6,4)(i^) 

+ 0 • «S'(6,3,l)(t) -|- 0 • S'(6,22)(t) + 0 • «S'(6,2,l2)(t) -|- 441 • S'(6,l4)(f) 

— 54 • S'( 52 )(f) -1- 126 • «S'(5,4,1)(^) + 0 • «S'(5^3^2)(^) ~ 54 • 5'(5^3^i2)(f) 
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+ 0 ■ ‘S'(5,22,i)(^) ~ 162 ■ 5'(5^2,i 3)(^) + 441 • S'(5^i5)(t) + 42 ■ 5'(42 2)(t) 

+ 0 ■ S '(42 42 )(t) + 0 ■ S'( 4 ^ 32 )(t) — 18 ■ 5'(4^3^2,1)(^) + 0 ' S'(4^3^i3) (t) 

+ 0 • S'(4^23)(^) ~ 54 • S'(4^22,i2)(t) + 0 • «S'(4^2,i4)(t) — 273 • 5'(4^i6)(t) 

+ 0 • S'(33^1)(t) + 42 ■ S '(32 22)(t) + 0 • «S'(3^3_2,l2)(t) + 0 • S '(32 l4)(t) 

+ 126 • 5'(3^23)(^) + 0 ■ 5'(3^22,l)(i) + 0 • «S'(3^2,15)(^) ~ 231 ■ 5'(3^i7)(t) 

— 54 • S'(25)(t) + 0 ■ S'(24,l2)(t) + 0 ■ 5'(2344)(t) + 0 • S'( 2246 )(t) 

+ 495 • >S'(2,i8)(t) + 441 • S’(4io)(t)] + • • • 

= 1 + 32^^34 [12^1^3 + 16^1^2 4" 5 ^ 5 ] + [144t^t| + 384t^t|t3 + 448^7^4 

+ 256^2^4 + I536tetlt2 + 1080 ^ 2 ^ 3^5 + 1440^1^2^5 + 720^9^1 - 1152^2^2 

- 336^3 + 225t^]/2048(V^)^ +. 

Substituting for t 4 „+a+i in above equation, we get 


Z = 


1 + 1^0,0^0,2 + 1 ^ 0 ,0^0,1 + 1^1,0 + ^^0,0^0,2 + i^0,0^0,1^0,2 + |^0,0^1,2 

1 ^ 0 , 0 ^ 0,1 + i ^ O , 0 ^ 0 , 1 ^ 1,1 + ^^ 0 , 0 ^ 0 , 2 ^ 1,0 + ^^ 0 , 1 ^ 0 , 0 ^ 1,0 + 1 ^ 0 , 0 ^ 2,0 

1 .0 .9 . 1 . . . Q .0 


/- 

li :?1 9 


n ot-i o 


( 6 . 11 ) 


The second and the third term of the RHS in equation (16.101) are terms in the Fq in fl2.10p . 
and the fourth term is term in the Fi, respectively. From equation flO.llh . we get the following 
4-spin intersection numbers 


< T-o,oT‘0,2 >= 1, < T-q,0^0,1 >= 1 

< ri,o >= < ro,2ri,2 >= ^ 

The above results are coincided with the given ones in[33l 08]. We have also obtained some 
intersection numbers which are not listed in the references yet. 


< '5?,o'ro,i^o,2 >— 3, 

< t-qVo^ >= 6, 

< tIqTo,2Ti,o >= |, 

< T‘0,0'7‘2,0 >= 

/ 4-4 2 ^ 

^ '0,0'0,2 2 ’ 


< ro^,o^i,2 >= 1 
< FD.o'Toq'ri,! >= 1 

< T-Q,0^0,1^1,0 >= I 

/ 4-2 2 1 

^ '0,1'0,2 4 


A.4 r = 5 


In this case, the partition function 

^ ^ ^ 3o 7^[^^ ■ ‘^(6)(^) + 1 ■ ‘S'(5,l)(^) + 0 ■ 5'(4,2)(^) 

~ 7 ■ + 0 • S'( 32 )(t) -|- 0 ■ S'(3^2,l)(^) + 7 ■ S'(3^i3)(t) 

-|- 0 • S'(23)(t) -|- 0 ■ S'(22^l2)(t) — 1 • S'(244)(t) — 11 • S'(l6)(t)] (6-12) 

i800(i^)2 ■ ‘^(12) (^) + 539 • S'(ii4)(t) 0 ■ S'(io,2)(^) — 455 • S'(io,i2)(t) 

+ 0 ■ S'(9^3)(t) -|- 0 • «S'(9^2,l)(^) ~ 49 • S'(9^i3)(t) -|- 0 • S'(8^4)(t) 
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+ 0 • S'(8,3,l)(^) + 0 • S'(8,22)(^) + 0 • 5'(8,2,12)(^) + 469 • S'(8,i4)(t) 

+ 0 • *S'(7^5)(t) + 0 ■ 5'(7^4^i)(t) + 0 ■ 5'(7^3_2)(^) + 0 ■ S'(7^3^i2) (t) 

+ 0 • 5'(7^22,i)(i) + 0 • «S'(7^2 ,i 3)(^) ~ 517 • S'(7^i5)(t) — 22 • S'(62)(t) 

+ 154 • S'(6,5,l)(i) + 0 • «S'(6,4,2)(i) — 154 • 5'(6,4,l2)(t) + 0 • S'( 6 , 32 )(t) 

+ 0 ■ 5'(6,3,2,1)(^) + 22 • 5(6,3,13) (t) + 0 • 5(6,23) (t) + 0 • 5(6,22,12) (t) 

+ 242 • 5(6,2,i4)(t) — 517 • 5(6,i6)(t) + 14 • 5(52, 2 )(t) + 0 • 5(52,i2)(t) 

+ 0 • 5(5,4,3) (t) — 14 • 5(5,4,2,l)(t) + 0 • 55,4,13 (t) + 0 • 5(5,32,i)(t) 

+ 0 ■ 5(5,3,22) (t) + 2 • 5(5,3,2,12) (t) + 0 ■ 5(5,3,14) (t) + 0 • 5(5,23,1) (t) 

+ 22 ■ 5(5,22,13)(t) + 0 ■ 5(5,2,15)(t) + 469 ■ 5(5,i7)(t) + 0 ■ 5(43) (t) 

+ 0 • 5(42,3,l)(t) + 98 • 5(42,22)(t) + 0 ■ 5(42,2,12) (t) + 0 • 542,l4(t) 

+ 0 ■ 5(4,32,2) (t) + 0 ■ 5(4,32,32) (t) — 14 • 5(4,3,22,1) (t) + 0 ■ 5(4,3,2,13) (t) 

+ 0 ■ 5(4,3,15) (t) + 0 ■ 5(4,24) (t) — 154 • 5(4,23,12) (t) + 0 • 5(4,22,14) (t) 

+ 0 ■ 5(4,2,16)(t) — 49 • 5(4,18)(t) + 0 • 5(34)(t) + 0 • 5(32,2,1)(t) 

+ 0 • 5(33,13) (t) + 14 • 5(32 ,23) (t) + 0 • 5(32 ,22 ,12) (t) + 0'5(32,2,14) (t) 

+ 0 ■ 5(32,16) (t) + 154 • 5(3,24,1) (t) + 0 • 5(3,23,13) (t) + 0 ■ 5(3,22,15) (t) 

+ 0 ■ 5(3,2,17)(t) — 455 • 5(3,19)(t) — 22 • 5(26) (t) + 0 • 5(25,i2)(t) 

+ 0 • 5(24,14)(t) + 0 ■ 5(23,16)(t) + 0 ■ 5(22),1(8) (t) + 539 ■ 5(2,iio)(t) 

+ 517 ■ 5(ii2)(t)] +. 

By the definition of Schur polynomials, we expand the partition fnnction as a Taylor 
of {4} 

Z = 1 + y^^=[6 ■ + 18 • ^144 + 4 • + 3 ■ 4] 

4" 9oo(^-5)2 ■ ^1^4 + 432 ■ + 216 • t^tg + 96 ■ 

+ 648 ■ t'ltltl + 864 • ^3^24 + 756 • + 504 • + 288 • 

+ 1008 • + 1512 ■ fi444 + 396 ■ titu + 32 ■ f® + 336 ■ 

- 576 ■ tltl - 1296^2^14 - 243 • 4 - 324 • htg - 288 ■ 44 + 126 ■ tl] 

+ 2025oo(v/- 5)^ [2160 • ^4^4 + 19440 ■ ^1^24^4 + 19440 • fgti4 + 4320 ■ 

+ 58320 • + 58320 • 4^i44 + 77760 ■ fi444 + 68040 ■ fi444 

+ 42120 • t\tlU + 34020 ■ ti4\ + 25920 ■ t\t%U + 58320 • 

+ 12960 ■ tgt\tl + 233280 ■ t?fi44 + 90720 • t?f^44 + 204120 • 

+ 252720 ■ t\t2hUh + 168480 • fi3t?t2 + 136080 • ti2t\h + 106920fiif?4 
+ 126360 ■ tgt\tQ + 181440 ■ + 2880 ■ tlt% + 38880 ■ 

+ 51840 ■ tlt% + 317520 ■ + 56160 • tlt%U + 379080 • 

— 51840 ■ fif2^4 + 272160 ■ — 116640 ■ t‘lt2tlt‘l + 427680 ■ fiifi44 

+ 505440 ■ f?t244 + 317520 ■ ^^4^? - 21870 ■ - 29160 ■ 4t?44 


series 


(6.13) 
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+ 442260 ■ tlhUtj - 25920 ■ t\tlU + 147420 ■ tlutl + 142560 ■ hetj 
+ 8640 ■ titlts + 60480 ■ + 168480 ■ — 155520 ■ 

+ 166320 ■ tiititl — 349920 ■ titltlt4^ — 466560 • tgtitlt4 + 589680 • 

- 65610 ■ — 612360 • tgtit2t\ — 1010880 ■ tit2^3^4^8 + 442260 ■ 

- 362880 ■ tit2tltj - 349920 ■ titltg - 408240 • - 204120 ■ 

- 168480 • ^13^1^4 + 231660 ■ tutit^ — 233280 ■ tgtits + 640 ■ 

+ 18720 • t% - 34560 • 44 - 77760 ■ 44^ - 14580 ■ 44 

- 252720 • tgtps - 432000 ■ ^^ 4^8 + 98280 ■ 44 - 699840 ■ 44ts 

- 1088640 ■ — 336960 ■ — 272160 ■ ^ 44^2 — 612360 ■ ^ 2 ^ 3 ^? 

- 758160 ■ t2^3^4i6 — 758160 ■ ^ 13 ^ 2^3 — 544320 ■ ^ 12 ^ 2^4 — 408240tgt2^7 

- 311040 ■ t24 - 142155 • + 155520 • 44 - 408240 ■ ^ 12 ^! 

- 213840 ■ tiihU - 189540 ■ tgtatg - 544320 ■ tatytg - 168480 ■ Utetg 

- 158760 • U4 + 24570 ■ 4 - 138996 ■ tig] +. 

After substituting for t^n+a+i in above equation, we get the following 5-spin intersec¬ 

tion numbers 


(n,o)l = g, 


('ro,2T‘l,3)l — 

1 

('ro,3T‘l,2)l = 

1 

60’ 

(T‘o,2'ro,3'r2,o) 

_ 1 

1 30' 

(^0,iT-2,3)i = 

1 

30’ 

('ro,i'ro,2'r2,2)i 

_ 1 
20’ 

(''’ 3 , 2)2 3goo) 

(r|,i )2 = 

9 

400’ 

('ri,lT3,i)2 — 

17 

1200’ 

('Tl,2^3, 0)2 

_ 47 

3600 

{^ 2 , 0 ^ 2 , 2)2 = 

59 

3600 




The listed results in fl6.14p are coincided with the ones which have also been computed by 
K.Liu and his collaborators |33]- However, if we want to derive certain intersection numbers 
listed in [33], we need to compute more schur polynomials. The calculation is beyond the 
capability of our computers. On the other side, in our approach, while it is easy to compute 
certain intersection numbers which is not listed in [33] . 


("^0,oh),3)0 — 1 , 
(ro^,i)o = 1, 
('^o,oh),3'ri,o)o = 
('ro,oh),i'ro,2'?'i,o)o = 
(^o,i^o%)o = 

(<2)0 = |, 
('ro,oH,3H,2)l = 
('^o,o'0,o)i = 1 ^, 
{'ro,0'h),3T‘2,2)l = 


('h),oT‘o,IT’D,2)0 — 1 ) 
(ro^,oH,3)o = 
('ro,o'ro4'ri4)o = 2, 

(t-o,iH,o)o = 
(h), it’d, 2'ro,3)0 = 
('h),0'r2,o)l = 

(T‘o,oT‘o,2'r2,3)l = 
('ro,0'ri,0'r2,o)l = 
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A .5 r = 7 

In this case, the partition function 

"Z = 1 + 28^37 [15 ■ *S'( 8 )(^) — 3 ■ S'(7^i)(t) + 0 ■ 5'(6,2)(^) “ 5 • S'( 6 ,l 2 )(t) 

+ 0 • *S'( 5 ^ 3 )(t) + 0 ■ 5'(5^2,1)(^) + 9 ■ S'(5^i3)(t) + 0 ■ S'( 42 )(t) 

+ 0 ■ 5'(4^3_i)(t) + 0 ■ 5'(4^22)(^) + 0 ■ 5'(4^2,12)(^) ~ 9 ■ 5'(4^i4)(t) 

+ 0 ■ S '(32 2 )(t) + 0 ■ S'( 32 _i 2 )(t) + 0 • 5'(3^22,1)(^) + 0 ■ 5'(3^2,13)(^) 

+ 5 • S'(3^l5)(t) + 0 • S'(24)(t) + 0 • *S'(23^l2)(t) + 0 ■ 5'(2244)(t) 

+ 3 • «S'( 2 ,i 6 )(t) — 15 • S'(i 8 )(t)] 

1568( j 7 - 7))2 ■ ‘^(15,1) (^) + 0 ■ *S'(i4,2)(t) “ 855 • S'(i 442 )(t) 

+ 0 ■ 5'(i 3_3) (t) + 0 ■ *S'(13^2,1) (t) + 495 ■ S'(i3^i 3) (t) + • • ■ ] 

+ . 

= 1 + jjzpi [3 ■ t&tl + 10 ■ + 12 • t4tit^ + 8 • ^4^2 + 9 • ^ 2^3 + 2-^8] 

+ 98(5^7)2 [^ ■ ^ 1^6 + 00 ■ + 72 ■ 

+ 26 • + 48 • t\t2t4t^ + 100 • + 54 • t\t2tltQ 

+ 240 ■ t\t2t‘it4t^ + 120 • ti2t\t2 + 144 • + 132 • tutlt^ 

+ 120 ■ ^10^1^4 + 90 ■ + 60 • tltQtg + 160 ■ 

+ 180 ■ + 192 ■ + 176 • ^ 11 ^ 1^2 

+ 216 ■ tit2^3^4 4“ 360 ■ tl 0 ^ 1 ^ 2^3 4“ 288 ■ tgtit2t4 + 200 ■ tit2t^tg 

+ 162 • tgtitl + 240 ■ + 60 ■ tisti 4- 64 • ^ 2^4 

+ 144 • t 2 ^|t 4 4- 80 • ^ 10^2 4- 81 • tpg 4- 216 ■ 

+ 160 • tlt4ts — 72 ■ t^tQ + 180 ■ t 2 ^ 3^8 ~ 360 ■ ^2^34^6 

— 192 ■ t2t\tQ — 200 ■ ^ 2 ^ 4 ^! — 216 • — 225 ■ 

— 480 ■ — 78 • ^13^3 — 64 • — 120 ■ ^ 12^4 

— 110 ■ tilts — 60 • tiote 4- 20 • tg] 

+ (262567831872062961684419606434295856611174463307776000(x/^)3)-h 
■ [-585610470501831386847174923971534490692561120788480000■t24 

+ 45930232980535795046837248938943881622945970257920000•t^ 

— 1591482572775565298372910675734405498235077869436928000■tigt^ 

— 2181686066575450264724769324599834377089933587251200000■tigtatg + • • ■ ] 

+ . 

(6.15) 


Ksrf.i)! = 

(n,07-3,2)2 = il^, 
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So, the intersection nnmbers at r = 7 are 


('h),5'ro^o)o — Ij 

('ro,i'ro,4'ro,o)o — 1 

('h),o'h),2'ro,3)o = 1; 

(^o,iro%)o = 1 

(h, 2^0^,1)0 = 1; 

(^oVo,i)o = 7 

(h), it’d, 2'ro,473,5)0 = 7; 

(''’o,2'''0,3'ro,5)o = 7 

(a, 0)1 = 

{Tq, 0 ^ 2 , 0)0 = J 

{'To,2^1, 5)1 = 

(7),5A,2)i = ^ 

(7),4'ri,3)i = is', 

i 

(7?,iT-2,5)i = 

(t0,iT0,2T2,4}i = ^ 

( 7 ?,2 A,3)1 = 

(75,2)2 - 112 . 

(rf,o}i = 1 


In (16.161) . there are nontrivial terms of 7-spin intersection number. In fact, we have gotten 
much more terms than these, but for the length of this article, we have not write down them 
completely here. Again, it seems that, there is no practical tryout to give the intersection 
numbers in this case. 


Appendix B. A Virasoro Constraint for Hurwitz Parti¬ 
tion function 


As an example, we will give a Virasoro constraint for Hurwitz partition function in this 
Appendix. Our starting point is the partition function of 2-spin intersection numbers, i.e. 
Kontsevich-Witten r-function (KW r-function). From section 4, it is easy to get the coefh- 
cients 

if * ^ 0(mod 3), 

^{2} _ rZo f V /^2fc (6;+2fc-l)!! _ r<2k+l (6;+2fc+3)!! ^ 

“n,3m V 1 '^n (2/)!2''(72)' (2«+l)!12-2'= (72)' I ’ 

\k+l=m k+l=m—l / 

and the coefficients h^)n are 



= a 


{ 2 } 

n^n+m—1 


n—1 


■ b 


{r} 

n—k,m' 


k=l 


It is easy to know that 7 ^ 0 only if m -|- n = l(mod 3). J.Zhou got another expression 
for bl^)n by solving the Virasoro constraint of KW r-function in [19]. The fact that KW r- 
function is a KdV r-function, together with its Virasoro constraint, determines the explicit 
form of KW r-function. The Virasoro constraint for KW r-function is 


Cm ■ = 0 , m> - 1 , 
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d 


dt 


2m+3 


k=l 




d 


dt 


2k-\-2m-\-l 


n, i, 

+ 7 y_^ -77-1" -J^m-l + 775m,0; > “1- 

4 dt2k+ldt2m-2k-l 4 16 

The fermionic representation of Virasoro operators are 

Cn = -y/^ E : '0r'0I : +7 (s - r) : V'rV'I : +^<^n,o, ^ > -1- 


r+s=2nH-3 


r+s=2n 


In particular, £_i is 

/:_! = E : '0r'0I : +7 X] • • 

^ r+.=-2 

= (^ V >. V >| + £ - r.t.iA+i)'j 

+i (- V’-i'/'!. + ^(2i + 3) E,_!'/>;+. + +i) 

V «=0 

From section 4, it is straightforward to get the fermionic representation of KW r-function 

Z^2}(t) = exp{ ^+^,m+l^-m-l/2Cn-l/2}|0) = 


m,n>0 


From equation (I5.25p . it is easy to know that the operator Uhw bridging the Hurwitz par¬ 
tition function and KW r-function can be expressed as 

Uhw = exp(^IF(|^^) ' exp(-J_i) • 

So, we construct a Virasoro constraint for Hurwitz partition function as following 

'2n = Uhw ■ ■ {Uhw)~^, n > ~1- 

The Hurwitz partition function satishes the following equations 


-Cn ■ Znit) — 0, 


n > —1. 


Now, we want to get the explicit expression of operators At first, we calculate the 
’gauge transformation” 


_2n+2 

= -y/^ E ^2n-fc+iV’, 
k=0 
oo 


2n-l 


k+i 


^ (2/c - 2U + l)V’2n-fc-iV’, 


k=0 


2 ' ^+5 
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^ oo 

- 5 ^( 2 /c + 2 n + 1 ) + ^:fc_iV' 2 n+fc+i) 

/c^O 


+ 'v/ 2 X] X] {^L+3-A;,Z+l'^-Z-5'^fc_,_l + ^/■+l,2n+3-A:V’l;_l'0fc+i 


k=0 1=0 
2n—l 00 


^ ^(2fc - 2n + 1) j^b^2n-k,l+l^-l-l^k+^ + &{3,2n-fc^-Z-iV'fc+i 


fc =0 ^=0 
00 


-\/=2 g I 

^Z’+l,2n+fc+4'^-A;-|'01j_i + ^L+A;+4,Z+l'^lfc_ 1 V'-Z-i 

fc,Z=0 22 22 

^ 00 

+ 4 + 2n + 1) |fef3,2n+fc+lV'-fc-iV'lz_l - &£Wl,Z+l^lfc-l V'-Z-i 

A:,/=0 

+ \/^^ Y1 {^2n+3-k,l+l^s+l,k+l'^-l-^'^*-s-l 
k=0 l,s=0 2 


+^zVl,Zs+l^L+3-fc,s+l'^-s-^'^li_i 


2n—1 00 


^ - 2 n + 1 ) | 6 l+\,fc+iCU,z+iV’-z-iV'l,_i 

/,s =0 

“^zVl, 2 n-Zc^fc+l,s+lV'-s-i' 01 ;_l 


_2n+2 1 

-V-^ &fc+1^2n+3-Zc + ^ 


2n-l 


fc =0 


y~~! (2/c 2n + l)&fc+i_2n-fc + 16*^”’°' 

A:=0 


The Virasoro constraint for KW r-function can also be written as 

0 = (G^^})-! . Cn ■ Z^^^t) = (G^2})-1 . Cn ■ G^2}|0) H > -1, 

SO, the summation of terms is zero if they consist of only creation operators {'ijjr+i/2, '4’r+i/2^ ^ ^ 
0 ) only, i.e. 


0 = £ { ^\+l,2n+k+i^-k-\'^%_l + ^L+fc+4,Z+lV'lfc_l V’-Z-i 

Zc,Z=0 22 22 

1 

+ i + 2ri + 1) {6{3,2n+fc+lV'-fc-iV'lz_l - CU+l.Z+l^-fc-iV'-Z-i 

/c ,/=0 

e' e {C+3-fc,+.'>S.<=+iV'-,-i<fi,_i 

k = 0 l,s=0 2 2 


+^zVl,fc+l^L+3-fc,s+lV'-s-it/^_j_i 


272—1 CX) 


-J. 

4 5^(2^ - 2 n + 1 ) 


/c^O 1,3 = 0 

^{ 2 } G 2 } 


l{ 2} Til^J /j/5 -7/1* 

-0;+i_2n-ZcOZc+l,6+l^-s-i^_i_i 


2n+2 1 

-\/^ i] &l,+\, 2 n+ 3 -fc + 4 X] ( 2 fc - 2 n + 

^=0 ^ fc =0 


'Zc+l,2n-fc + 


With certain assumptions, in r = 2 case, J.Zhou got the fermionic representation of KW 
r-function by solving above equation directly. Therefore, can be rewritten 
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as 




2 n+2 


2 n-l 


= £ ^2n-fc+|V'fc+l + lE {2k -2n+ 


/c=0 

oo 


k=0 


fc+i 


(^-fe-iV'an+fc+l V'*fc_lV'2n+fc+|) 

- 5^(2/c + 2n + 1) (^/^_fe_i V's^n+fc+i + V'lfc-i^ 2 n+fc+i) 

&£V3-fc,«+lV'-«-iV'fc+l + CUn+S-fcV'l^.lV'fc+l 
^ ^(2/c - 2n + 1) 

fc+l “*“ ^/’+l,2n-A:'^_i_l'0fc+i I • 


/c=0 


2 n+2 cxD 


fc=0 /=0 
2n—l oo 


k=0 1=0 

In particular, is 


(G{2})-1£_^G'^2I 

= £ (&l5+i^/^_fc_iV'l + 

2 ^_Q \ 2 2 / 

E {i>-t-ir,^ - r_,_.A^) 

1 

+ 2 + 3) (V'-l^fc+i + ^Ifc-iV'fc+i) • 


fc =0 


Finally, we get a set of Virasoro operators {S^n^n > —1} which is a Virasoro constraint for 
the Hurwitz partition function 


1 2^2 / ^ 

£ = _ i_1. 

” 2 ^ u\v\ 

u,v=0 


-2^E exp 


/S 


k=0 

2n-l 


{2n — /c + ^ — m)^ — {k + ^ — 


■'^ 2 n-k+l-u^l+i_^ + ^ (2/s - 2n + 1) exp 


k=0 


{2n — k — - — uY 


{k+\- Vf] ■ V^2n-fc-i-.^fe+i_, 

-k - ^ - - {2n + k + '^ - vY 


+2x/^E 

A:=0 


/S 


exp- 






2n-\-k—^—v 


•^E_lV'2n+fc+I-^ 

^ cx:) 

+ - ^(2n + 2^+1) 

^ fc =0 


exp 


exp- 


2„+fc+i_. + exp| 


(2n + /c + ^ — — {—k — ^ — n)^ 


(-fc - ^ - u)^ - (2n + A; + ^ - n)^ 
(2?7, + fc + ^ - m)^ - {-k - ]^-vY 


'^-fc-i-i;'^2n+fc+i-i 
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_2n+2 oo 

+2^^ E E 

k=0 Z=0 


exp 






/S 


• h. 


{ 2 } 

2n+3—fc,/+l 


■V>-,+exp- 




■ b 


{ 2 } 

'l+l,2n+3-k 
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Therefore, we get a Virasoro constraint for the Hurwitz partition function. We express 
this Virasoro constraint in terms of fermions, in principle, we could get its bosonic version 
by bosons-fermions correspondence. By solving the constraint -C_i, we can get the Schur 
polynomial expression of the Hurwitz partition function. 
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